Abstract
The increasing use of fibre-reinforced composite materials in the manufacturing of high performance structures is primarily driven by their superior strength-toweight ratio when compared to traditional metallic alloys. This provides the ability to design and manufacture lighter structures with improved mechanical properties. However, the specific manufacturing process of composite structures, along with the orthotropic material properties exhibited by fibre-reinforced composite materials, result in a complex structural design process where a number of different design parameters and manufacturing issues, which affect the mechanical properties of the composite structure, have to be considered. An efficient way to do this is to implement structural optimization techniques in the structural design process thus improving the ability of the design process to find design solutions which satisfy the structural requirements imposed on the composite structure.
This thesis describes a two phase composite structure optimization method based on a novel material homogenization approach. The proposed method consists of a stiffness optimization problem and a lay-up optimization problem, respectively, with the aim to obtain a manufacturable composite structure with maximized stiffness properties. The homogenization material approach is applied in both optimization problems, such that the material properties of the composite structure are homogenized. In the proposed method the stiffness optimization problem provides a composite structure with maximized stiffness properties by finding the optimal distribution of composite material across the design domain. The aim of the lay-up optimization problem is to obtain a manufacturable lay-up sequence of fibre-reinforced composite plies for the composite structure which, as far as possible, retains the stiffness properties given by the stiffness optimization problem. The ability of the composite structure optimization method to obtain manufacturable composite structures is tested and confirmed by a number of numerical tests.
v
Introduction 1
For the last two decades composite materials have increasingly substituted metallic alloys in the manufacturing of high performance structures. The main driving factor behind such a development is the superior strength-to-weight ratio exhibited by composite materials when compared to metallic alloys. This allows for the manufacturing of lighter structures with improved mechanical properties, such as stiffness and strength. The most commonly applied type of composite materials is unidirectional (UD) fibre-reinforced composite plies, which have orthotropic material properties. To manufacture, a composite structure requires the UD plies to be stacked in a predefined lay-up sequence to form the composite structure. This specific manufacturing process together with the orthotropic material properties of the UD plies provide the designers with the ability to tailor the mechanical behaviour of a composite structure. However, this also results in a complex structural design process where a number of design parameters affecting the mechanical properties of a composite structures have to be considered. Parameters that primarily affect the mechanical properties of a composite structure are (i) the fibre orientation θ of the fibrous constituents of the UD plies, (ii) the total amount of material with a given fibre orientation θ used to manufacture the composite structure, (iii) the internal order of the UD plies within the lay-up sequence of the structure. Apart from these design parameters, consideration must be given to manufacturing issues in the form of stacking sequence rules in order to minimize effects that can lead to degradation of the mechanical properties of the composite structure. The number of design solutions that can be generated by such a structural design process is large, which makes it difficult to find a solution that best fulfills the desired structural requirements imposed onto the composite structure. Implementing structural optimization techniques in the design process of composite structures will provide the ability to formulate structural optimization problems, where design parameters and manufacturing issues influencing the mechanical properties of a composite structure can be efficiently taken into account, and thereby improving the ability of the structural design process to find design solutions which satisfy the structural requirement imposed on the composite structure.
In light of this, we have formulated a composite structure optimization method which is based on a novel homogenization approach for parametrization and modelling of composite material in structural optimization problems. The proposed composite structure optimization method consists of two phases which contain a CHAPTER 1. INTRODUCTION stiffness optimization problem and a lay-up optimization problem, respectively, which are solved in sequence. The method assumes that the composite structure only contains composite material with fibre orientations θ from a predefined set of angles Θ.
In the stiffness optimization problem the homogenized material approach is applied so that the material properties associated to each fibre orientation θ ∈ Θ are uniformly distributed across the entire structure. This results in a homogenization of material properties of the structure, which enables the problem formulation to be treated in a similar fashion to a variable thickness sheet problem, see Christensen and Klarbring (2008) , thus allowing the stiffness optimization problem to be efficiently solved by gradient-based optimization algorithms. In the problem formulation design constraints are set on the total volume of the composite structure and on how much composite material of each fibre orientation θ ∈ Θ is allowed to be used. The design variables of the problem formulation represent the total amount of material of each fibre orientation θ ∈ Θ. The aim of the stiffness optimization problem is to maximize the stiffness of the structure by finding the optimal distribution of composite material across the entire design domain.
In the second phase of the proposed method, the lay-up optimization problem aims to obtain a manufacturable lay-up sequence of UD plies such that the stiffness properties of the composite structure obtained by the stiffness optimization problem are, as far as possible, maintained. The objective function of the lay-up optimization problem is to minimize the least squares difference between a set of target value lamination parameters and a set of discrete based lamination parameters, see Tsai and Hahn (1980) . The sets of lamination parameters are here treated as stiffness measures for the composite structure. The homogenized material approach is again applied to calculate the set of target value lamination parameters from the results obtained by the stiffness optimization problem. This gives a direct measure of the stiffness properties obtained by the stiffness optimization problem. The design variables of the lay-up optimization problem are a set of binary design variables for each UD ply in the lay-up sequence, where each design variable represents one of the fibre orientations θ ∈ Θ. The constraints that are applied in the lay-up optimization problem represent stacking sequence rules which aim take into consideration some of the manufacturing issues of composite structures. The layup optimization problem is a mixed integer programming problem and is efficiently solved using a branch-and-cut optimization algorithm, see Wolsey (1998) .
Structural Optimization 2
General Formulation
Structural optimization is a subset of the field of mathematical design optimization, which is focused on mechanical structures whose main task is to carry applied loads. In general, structural optimization is the subject of obtaining an assemblage of material, a structure, which sustains the applied loads in the best possible way. Applying mathematical design optimization methods provides the ability to formulate structural optimization problems where requirements on the structural performance, i.e. objectives and constraints, are given precise mathematical form. Typical measures of performance in structural optimization problems are weight, stiffness, critical load, stress, displacement and geometrical parameters. The structural optimization problems are formulated by choosing one of the above structural performance measures as the objective function and one or more of the remaining ones as constraints in the problem formulation, see Christensen and Klarbring (2008) and Bendsøe and Sigmund (2003) for general overviews.
The general form of a structural optimization problem is as follows:
where the objective function f (x, y) is a measure which indicates how well the current design achieves the desired objective of the optimization. Typically the choice of objective function is such that a minimization problem is obtained, i.e. decreasing values of the objective function result in better solutions. The design variable vector x, describes the current design of the structure. In structural optimization the design variables often represent geometrical parameters such as area of a bar and thickness of a sheet, or material choice parameters like fibre orientations in composite plies or material densities. The state variable vector y, represents the response of the structure, i.e. it represent the current state of the structure. To be more precise it often represents displacements or stresses. Constraints that are applied to the (SO) problem are typically divided into three types:
The equilibrium constraint g E (x, y) = 0 is used to calculate the response of the structure at a given design point x. For a discretized structural optimization problem the equilibrium constraint has the form
where the K (x) is the stiffness matrix of the structure and is generally a function of the design variable x; F (x) is the load vector applied on the structure, which also can be dependent on x and u is the displacement vector which is treated as the state variable y in the problem formulation.
The behavioural constraints g B (y) ≤ 0 put limitations on the state variable y.
The design constraints g D (x) ≤ 0 put constraints on the design variable x.
Problem (SO) is a simultaneous formulation of a structural optimization problem, where the state variable y and the design variable x are treated as independent variables. However, a common situation in structural optimization is that the state problem uniquely defines the state variable y for each given design point x.
In these cases we get the following from the equilibrium constraint (1), if K (x) is non-singular
indicating that the state variable vector u can be expressed as a function of the design variable vector x rather then be treated as an independent variable vector, i.e. y = u = u (x). With this conclusion in mind, a reformulation of (SO) can be performed by removing the equilibrium constraint g E (x, y) = 0 from the problem formulation, thus giving way to a nested formulation of the structural optimization problem according to
In the nested formulation of the structural optimization problem the only variables are given by the design variable vector x, while the state variable vector u (x) is given implicitly by separately solving the equilibrium constraint. The constraint function g (x, u (x)) ≤ 0 now represents all the behavioural and design constraints applied in the problem formulation. The nested formulation (SO) nf is usually the starting point when applying numerical method to generate solutions to a structural optimization problem.
Solution Methods
In general, there are two main obstacles when solving structural optimization problems. The first one is that most problems tend to be nonconvex and thus are diffi-
SOLUTION METHODS
cult to solve. The second obstacle is the fact that objective and constraint functions are very difficult to obtain as explicit functions of the design variables for larger nested structural optimization problems. A way to circumvent these issues when solving larger problems is to generate a sequence of explicit subproblems which are then solved instead of the original problem. These subproblems are approximations of the original problem and are usually chosen such that they are convex.
There are a number of different methods frequently used to generate explicit convex approximations, i.e. subproblems (SO) k nf , of the original nested problem formulation (SO) nf . Some of these include the Sequential Linear Programming (SLP) and Sequential Quadratic Programming (SQP) approximations, which are designed to solve general nonlinear optimization problems. SLP and SQP use Taylor expansion to linearize the objective and constraint functions at a design point x k , which generate explicit convex approximations of (SO) nf at x k . Other methods, such as Convex Linearization (CONLIN), Optimality Criteria (OC) and The Method of Moving Asymptotes (MMA) developed by Svanberg (1987) , generate convex subproblems to (SO) nf by linearizing in such a way that special characteristics of the structural optimization problem can be taken into account. As a result, the subproblems generated by CONLIN, OC and MMA methods tend to be more exact approximations of (SO) nf then the approximations generated by SLP and SQP. All of the approximation method above for generating explicit convex subproblems (SO) k nf are gradient based methods which are the most common type of optimization methods used to solve structural optimization problems. These methods require, at each design point x k , information about the objective and constraint functions and their respective derivatives in order to solve the subproblems.
Although most structural optimization problems are solved using gradient based methods, some problem formulations can have certain characteristics which make gradient based methods generally unsuitable. One such example is structural optimization of composite structure, where the problem formulation often has discrete design variables. This makes it difficult to obtain the necessary derivatives of the objective and constraint functions which are required for gradient based optimization methods. For such cases, zero order optimization methods are more applicable as they do not require any gradient information from the objective and constraint functions. However, they are generally not as efficient and robust as gradient based optimization methods. For this reason we have in the present work formulated a two phase composite structure optimization method. It consists of two structural optimization problems for composite structures, where a gradient based and a zero order optimization method are used to optimize the composite structure. This allows us to make use of the more efficient and robust gradient based optimization method while also retaining the unique characteristics of composite structures.
Types of Structural Optimization Problems
Structural optimization problems are usually divided into three types of problem formulations. The classification is done according to what the design variable x represents in the structural optimization problem. The three types of structural optimization problems are shape optimization, sizing optimization and topology optimization and they all address different aspects of structural design optimization.
In shape optimization the goal is to find the optimal shape of a structure. This is done by allowing parts of the boundary of the design domain to change during the optimization. The parts of the boundary allowed to change are usually represented by polynomial functions where the design variables are vertices controlling the shape of the polynomials. Any change in the position of the vertices will result in a changed shape of the polynomial functions, thus changing the shape of the structure.
In sizing optimization problems the design domain is known and fixed throughout the optimization. Sizing optimization typically treats 2-D continuum structures like plates or discrete structure like a truss structure. The goal of sizing optimization is to find optimal thickness distributions of plates, or in case of truss structures, to find the optimal cross-sectional areas of the truss members. In these problem formulations the design variables typically represent the thickness of the structure or cross-sectional areas of truss members.
Topology optimization is considered the most general form of structural design optimization. In essence the goal with topology optimization is to find the optimal distribution of material within a design domain, such that each point of the design domain is allowed to either have full material or no material. To achieve this topological feature a penalization is introduced on the design variables so that they only take on two value, 0 for no material and a fixed upper bound value for full material. The design variables in topology optimization also represent crosssectional areas of truss members and thickness of a 2-D structure. This formulation can also be extended to 3-D structures where the design variable is taken to be a density-like variable which can only take the value 0 for no material and 1 for full material.
Composites 3 3.1 Composite Materials
Composite materials are formed by combining two or more materials, known as constituents. The characteristics of a composite material, such as physical and mechanical properties, are dependent on how the constituents of the composite material are assembled. In general, composite materials retain the combined characteristics of the constituents, but in some cases the characteristics of the composite material can surpass or be substantially different from those of its individual constituents. Composite materials are in turn classified into a number of different types, based on the shape of its constituents. However, in the present work we are only considering composite material of the type fibre-reinforced composite material, which is the most common type of composite material used for manufacturing high performance structures and structural components. Fibre-reinforced composite material is generally made up of two constituents. A fibrous constituent which has high strength and stiffness properties and as such is the main load-carrying constituent. The second constituent is a matrix material which the fibrous constituents are embedded within. The main task of the matrix constituent is to hold the fibrous constituents together, act as a load-transferring medium and also to protect the fibrous constituents from environmental effects. Togheter the constituents form a sheet of fibre-reinforced composite material, a ply, see Reddy (2004) , Campbell (2010) and Gürdal et al. (1999) 
Material Properties
The material properties of a fibre-reinforced composite ply is primarily dependent on what kind of fibrous constituent is used. In the present work, only continuous unidirectional (UD) fibrous constituents are considered. As figure 1 illustrates, in this type of composite material all of the fibrous constituents are aligned in the same direction and run the entire length of a ply. The fibrous constituents exhibit high strength and stiffness properties in the direction parallel to the fibres but in the transversal directions the corresponding properties are substantially weaker. For this reason the UD fibre-reinforced composite plies are said to exhibit orthotropic material properties, as the material properties of the ply change with the orientation of the fibrous constituents.
Constitutive Relation
A typical fibre-reinforced composite ply is thin in comparison with its other dimensions and experiences a plane state of stress. For such a case the stress-strain relationship is given in the fixed global (e 1 , e 2 , e 3 )-frame as
In equation (2) σ j and ε j represent the stress and strain components, respectively. The strain components ε j above are given as
where ε mem j and ε cur j are the mid-plane strains and bending strains, respectively, and z is a thickness variable, see Reddy (2004) . Furthermore, Q ij in equation (2) are the elements of the material coefficient matrix Q of a ply, expressed in the global (e 1 , e 2 , e 3 )-frame which is given according to
In equation (4), C is the material coefficient matrix expressed in the material (e 1 , e 2 , e 3 )-frame which follows the orientation of the fibrous constituents in the e 1 e 2 -plane as shown in figure 1 . The elements of C are expressed in terms of engineering constants as
where E 1 , E 2 are the Young's modulus, G 12 , G 23 , G 13 represent the shear modulus and ν 12 , ν 21 are the Poisson's ratios of a UD fibre-reinforced ply, see Reddy (2004) . The transformation matrix T in equation (4) represents a transformation from the material (e 1 , e 2 , e 3 )-frame to the global (e 1 , e 2 , e 3 )-frame, see Cook et al. (2003) , as
where θ is an arbitrary angle given by a counter-clockwise sense rotation of the material (e 1 , e 2 , e 3 )-frame about the transversal normal direction e 3 as shown in figure 1 and is usually referred to as the fibre orientation θ of a UD fibre-reinforced composite ply.
Composite Structures
A composite structure is manufactured by stacking UD fibre-reinforced plies to form the structure. The orthotropic material properties of the plies provide the ability to tailor the mechanical properties of the composite structure by orienting the plies so the fibrous constituents are oriented in a number of different fibre orientations θ, as illustrated in figure 2. In general the composite plies can be oriented in such a way so the fibre orientations θ of the plies can take on any angle between 0 • and 180
• . However, when manufacturing composite structures the fibre orientations θ are restricted to a fixed set of angles. The most frequently used set of angles is
but for some applications Θ is complemented with ±30
• and ±60
• angles or they can also replace the ±45
• angles of the set. Plies with fibre orientations 0 • and 90
• are known as on-axis plies while those with fibre orientations ±θ are known as off-axis plies. The internal order in which plies with fibre orientations θ ∈ Θ are stacked to form the composite structure is known as a lay-up sequence, which describes what mechanical properties are retained by the composite structure.
Constitutive Equations
For a composite structure which is modelled according to first order shear deformation theory and has a general lay-up sequence of UD fibre-reinforced composite plies, the governing constitutive equations are given, see Reddy (2004) 
where N ij represent the in-plane force resultants, M ij are the moment resultants and T i are the transversal shear force resultants of the composite structure. The submatrices in equation (7) correspond to the extensional A, the bending-extensional coupling B, the bending D and the transversal shearÃ stiffness matrices, respectively. For a general lay-up sequence of an even number n UD plies as shown in figure 3 , the stiffness submatrices in equation (7) are expressed, see Tsai and Hahn (1980) and Reddy (2004) , as
where k is the ordinal number of a ply, K s is the shear correlation factor and z k marks the position of the k-th ply in the lay-up sequence, along the thickness of the structure. For each ply k in the lay-up sequence, Q figure 3 can be assumed to have a uniform and equal thickness h ply , hence the position of a ply in the lay-up sequence can be given as z k = kh ply , which inserted into into equations (8a)-(8d) allows the stiffness matrices to be expressed according to
Mechanical Properties
The constitutive equations in equation (7), together with the stiffness matrices expressed in equations (9a)-(9d), are sufficient to describe the mechanical behaviour of a composite structure which is subjected to any kind of in-plane, shear or bending load case, or any combination of these load cases. From equations (9a) and (9b) it can be observed that the extensional and transversal shear stiffness properties of a composite structure are independent of the lay-up sequence of the plies. They are only a function of the total amount of plies with different fibre orientations θ ∈ Θ, used in the composite structure. The reason for this lies in the fact that the weight factors within the brackets in equations (9a) and (9b) retain a unity value for every ply regardless of its position within the lay-up sequence of the composite structure. This however is not true for the coupling stiffness matrix B and bending stiffness matrix D of the composite structure expressed in equations (9c) and (9d), respectively. Here the weight factor values of a ply increase as its position in the lay-up sequence is moved from the mid-plane of the composite structure. This implies that plies located further away from the mid-plane in the lay-up sequence will have a larger contribution to the coupling and bending stiffness properties of the composite structure. The importance of the internal ordering of the plies within the lay-up sequence is more pronounced for the bending stiffness matrix D in equation (9d) then for the coupling stiffness matrix B in equation (9c). Also, the weight factor values for the coupling stiffness matrix B are antisymmetric with respect to the mid-plane of the composite structure, while the corresponding values for the bending stiffness matrix D are symmetric with respect to the mid-plane. See (Reddy, 2004) , Tsai and Hahn (1980) and (Gürdal et al., 1999) .
A composite structure can experience complex deformation modes due to coupling effects which exist in the stiffness matrices given in equations (9a)-(9d) which arise from the lay-up sequence of the structure. If the lay-up sequence is such that the coupling stiffness matrix B in equation (7) cannot be neglected, it will give rise to coupling effects between in-plane and bending deformations of the composite structure. These effects can result in a structure experiencing a bending deformation in conjunction to an extensional deformation even though only an in-plane load is applied to the structure. The opposite coupling effect occurs when pure bending is applied instead. Apart from the extensional-bending coupling deformations, a more complex extensional-twisting deformation mode of the composite structure can be induced by the B 14 and B 24 elements, without any twisting being applied to the structure. To avoid these deformation modes advantage can be taken of the antisymmetry of the weight factor values for the coupling stiffness matrix B in equation (9c), by requiring the lay-up sequence to be symmetric with respect to the mid-plane line. This will result in the coupling stiffness matrix B = 0, thus eliminating it from equation (7) and uncoupling the in-plane and bending deformations of the structure. However, even with the in-plane and bending deformations uncoupled, there will still exist some coupling effects which arise from the off-axis ±θ plies in the lay-up sequence. These are the shear-extension coupling which is induced by the A 14 and A 24 elements in equation (9a), the transversal shear coupling induced by theÃ 45 in equation (9b) and the bending-twisting coupling induced by the the D 14 and D 24 elements in equation (9d). As the extensional stiffness matrix A in equation (9a) and transversal shear matrixÃ in equation (9b) are independent of the lay-up sequence, the shear-extension and transversal shear coupling effects, respectively, can be eliminated by purely requiring the composite structure to contain the same number of off-axis ±θ plies. The bending-twisting coupling can however not be entirely eliminated due to the symmetry of the weight factor values of the bending stiffness matrix D, with respect to the mid-plane of the structure, but its effect on the composite structure can be minimized by a correct choice of the lay-up sequence of UD plies. See (Reddy, 2004) , Tsai and Hahn (1980) and (Gürdal et al., 1999) .
In general the coupling effects are often unwanted in composite structures as they can lead to, for example, delamination of plies in the lay-up sequence or fractures in the fibrous constituents of the plies. The consequence of this is the degradation of the mechanical properties which in turn will affect the mechanical behaviour of the composite structure. Therefore, the minimization of these effects or, if possible, their elimination is often desired when designing composite structures.
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Paper I
Density Filter Control of Thickness-to-Length Change of Composite Structures
In the first paper, a stiffness optimization problem denoted the homogenization material problem (HMO) is introduced, with the objective to minimize the compliance of a composite structure. The main focus of the paper is to investigate the ability of a linear density filter in controlling the thickness variation of the composite structure. This is investigated by performing a number of numerical tests for different load cases, mesh densities and range of the density filter. The results showed that a density filter can be used to control the thickness variation of a composite structure.
Paper II

Stiffness and Lay-up Optimization of Composite Structures based on a Homogenized Material Approach
In the second paper, a two phase composite structure optimization method based on a homogenized material approach is presented. Here, both the homogenized material optimization problem (HMO) and the lay-up optimization problem (LuO) formulations of the method are described in detail. To investigate the ability of the proposed method to obtain manufacturable composite structures, a numerical test was performed on a cantilever plate for a number of different parameters settings of the optimization problems and load cases. The result of the test shows that the proposed method can obtain a composite structure with maximized stiffness properties along with a manufacturable lay-up sequence of discrete plies.
Part II
Included Papers
The articles associated with this thesis have been removed for copyright reasons. For more details about these see: http://urn.kb.se/resolve?urn=urn:nbn:se:liu:diva-102316
